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§ 1. 


Let 


denote a bilinear form 3; 3} a,, x, y, of non-zero determinant. Let 


the z’s and y’s be transformed respectively by the linear homogeneous 
transformations 7’ and 7}, so that 


It will be assumed as the result of these substitutions that § is trans- 
formed automorphically, so that 


for which the necessary and sufficient condition is 
f,AT=A* 


I shall denote the family of transformations 7’ of the z’s by 

Ist, Me when the z’s and y’s are contragredient, in which case we have 

2d, by I”, when the respective transformations of the z’s and of the 
y’s are conjugate, so that 7, = ?; 

3d, by I’, when the product of the respective transformations of the 
x’s and of the y’s is the identical transformation, so that 7, = 7-'. 
The conditions necessary and sufficient that 7’ shall be a transformation 
of I’, or respectively, are then 


* Cayley: Phil. Trans., 1858. Throughout this paper 7 will denote the trans- 
verse or conjugate of the linear transformation 7. 
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QQ) TAT=A, 
(3) TAAT=A. 


The transformations of I’ constitute a group, as do also the transfor- 
mations of I’; the transformations of I’! that are commutative form a 
p. 
me a paper entitled “Note on the Automorphic Linear Transforma- 
tion of a Bilinear Form,”* I have shown that each transformation 
T of the family IY belongs to a group with a single parameter of 
transformations of I’, and can thus be generated by an infinitesimal 
transformation of I’; and that a similar theorem holds for the family 
IT’, But on the other hand, for certain forms f, that I’ contains 
transformations (of determinant +1 as well as of determinant —1) 
that cannot be generated by an infinitesimal transformation of I’’.+ 
In this paper I consider only real forms J, and only real transfor- 
mations of the variables x and y. Thus in what follows the matrix 
A and the families I’, I’, I’ of transformations 7 will be assumed to 
be real. And with this restriction to real forms and families of real 
transformations I show severally that each of the families I’, I’, r’”, 
for certain forms J, contains transformations (of positive as well as of 
negative determinant) that cannot be generated by infinitesimal trans- 
formations of that family.t A transformation of either of the families 
IT which is the second power of a transformation of that family I term 
a transformation of the first kind, otherwise a transformation of the 
second kind ; and, for each of the families T', I show that every transfor- 
mation of the first kind, but no transformation of the second kind, can 
be generated by an infinitesimal transformation of that family. I also 
show that a transformation of either of the families T is a transforma- 
tion of the first kind when no negative number is a root of the charac- 


* These Proceedings, 31, 181. 

If Tis a transformation of then |7|2=1. That shall contain trans- 
formations of the type mentioned and of determinant +1, it is sufficient that two 
of the real roots of the characteristic equation of § shall be of opposite sign and 
equal in absolute value. 

t In order that I’, r’’, r’” shall severally contain transformations of the type 
mentioned, it is sufficient for I’ that the real roots of the characteristic equation 
of A shall not all be distinct; for I’, that the ratio of two of the real roots of this 
equation shall be equal to —1; and for I”, tiat the ratio of two of the real 
roots of the equation shall be negative. 
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teristic equation of the transformation.* Finally, I show that each 
transformation of the second kind of either of the families T is the 
(2m + 1)* power of a transformation of that family for any odd ex- 
ponent 2m + 1. 

The theorems given above depend upon considerations relating to the 


exponential function 
=1+ 
2! Ble 


of the matrix or linear substitution U. This series is convergent for 
any finite matrix, We have 
(%) 
and, if U, and U, are commutative, 


e%: e% = eAt%, 
in particular, for any integer m, 
(e7)™ 


For any linear substitution 7’ of non-zero determinant a polynomial 
can be found such that 7=e", Let &,&,... re- 


spectively of multiplicity 1, + be the distinct roots of the 
characteristic equation of 7’; let, moreover, 
— ((T—-O"*— G— 
@,&=1,2,...¥ 
@@=1,3,... ay 


and let 


where m,, mg, etc., are integers. Then 
T = ef", 


* The determinant of a transformation of the first kind is positive, 
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Moreover, if ¢ (7') is any polynomial in 7, we have 


(T— (67°) 


In particular, if Z,=.+ 1, 
Ff, (T~") =F, (7); 
and if g, + + 1, and ¢, = ¢,—1 has the same multiplicity as ¢,, then 
Fy (77) =F, (1). 
We have now the following theorems : 
I. If Vis real and 7’ = e”’— is also real, then 7’? = 1.* 
II. If 7'is real and no negative number is a root of the characteristic 
equation of 7; there is a real polynomial f(7’) satisfying the condition 
III. If 7'is real and pane negative root other than —1 of the char- 
acteristig equation of 7'is paired with its inverse, there is a polynomial 
F (7) satisfying the equation 7’ = and such that —f(7-) is 
real.t 


* For if T = eV— is real, then 


is real. Therefore, if U is real, 7 =0; that is =1. 

t If T is real, each imaginary root of the characteristic equation of 7 is paired 
with its conjugate imaginary. Therefore, if this equation has no negative root, 
J(T) may be taken real by a proper choice of m,, mg, ete. 

If the distinct negative roots of the characteristic equation are 


Gag = GO 1,2, 
and = — 1, and moreover (for i=1,2,... »’) and have the same 
multiplicity, then, for a proper choice of m,, mg, etc., the imaginary part of the 
polynomial (7) is 
=13," (F;,(7) + Fy 44 (T)) + 0V—1 Foy 43 (7); 


and, since now 
F(T Y= (T), = F(T), 
= Foy4s (7), 
therefore will be real. 


¢ 
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IV. If 7'is real and each negative root of the characteristic equation 
of 7’is in absolute value less than unity, there is a real polynomial f(7’) 
satisfying the equation 1 + 7’ = e%, 

Finally, from the identity, 


= A+ Ae = Acre =A, 


we derive the theorems : 
V. If satisfies the equation 
(4) 


and 7’ = e” is real, in particular if U is real, then 7’ is a transformation 


of 
VI. If U satisfies the equation 


(5) 


and 7’ = e” is real, in particular if U is real, then 7’ is a transformation 
of 
VII. If U satisfies the equation 


(6) T= AU AA, 
and 7'= e” is real, in particular if Vis real, then 7'is a transformation 


of 
§2 


If Vis real and satisfies the equation 
(4) U=AUA, 


then, by Theorem V, every transformation of the group e%, with real 
parameter %, is a transformation of I’; in particular the infinitesimal 
transformation e°*” of this group is a transformation of I’. 

If the real infinitesimal transformation e%” = 1 + 8¢U is a transfor- 
mation of I’, then first Vis real; moreover, ~ 


A+8{(—UA+ AD) = (1—8£0) A(14+ 860) =e =A, 
and therefore U A = AU, that is, U satisfies equation (4). Therefore, 


for any real scalar % the transformation e°” generated by e*” is a trans- 
formation of I’, Whence it follows that every transformation generated 


* In this case the application of the above identity is unnecessary ; for UA = 
AU, and therefore =e Ae =A, 
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by an infinitesimal transformation of I’ is the m” power for any expo- 
nent m of a transformation of I’ ; in particular, every such transformation 
ts the second power of a transformation of I', and is therefore of the first 
kind.* 

Conversely, every transformation of the first kind can be generated by 
an infinitesimal transformation of I’. For let 7’ be any transformation 
of I’, then 


(7) T=ATA 


Let Vand W+/ — 1, respectively, be the real and imaginary parts of the 
polynomial U = f(7’'), satisfying the equation 7 =e", Since 7’ is real, 
both V and W are polynomials in 7, and therefore commutative. Let 


T, 


Then since V, and therefore 7, = e’, is real, and since 
T =e? = = = T, 


is also real, it follows that Z, = 7-1 7 is real; and therefore, by 


Theorem I, 


Whence, 

= (T,1)*= = Ty. 

But, since V = ¢ (7) is a polynomial in 7, we have by equation (7) 
V=$(T)=$(ATA") = At=AVA"; 


and therefore, since V is real, e*” for any real scalar {, is generated by 
the infinitesimal transformation e*” of I’. In particular, 


T? = T= (e”)* =e” 


is generated by the infinitesimal transformation e”” of I’. 

A transformation T of 1’ is a transformation of the first kind if the 
characteristic equation of T' has no negative root. For then, by Theorem 
II, there is a real polynomial U = f( 7’) satisfying the equation 7 = e”. 
In this case V= U, W= 0; and U satisfies equation (4). Therefore, 
T is the second power of the transformation e!” of I’, and is generated 
by the infinitesimal transformation e°” of I’. 


* See p. 308. 
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The characteristic equation of a transformation of I’ of the first kind 
may have negative roots. But in such case the numbers belonging to 
each of the negative roots of this equation are all even; and therefore, 
for each negative root of this equation, the elementary divisors (elementar 
Theiler) of the characteristic function corresponding to such root occur 
in pairs with equal exponent.* 

No transformation of I’ with negative determinant is of the first kind. 
Let n = 2, and 


The form § is transformed automorphically if 


We have | 7’7| = +1, but 7 is a transformation of the second kind. 
Whence it follows, for any value of n, that there are forms § such that I’ 
contains transformations of the second kind with positive determinant.f 

By definition no transformation of the second kind is an even power 
of a transformation of I’; but every transformation of I’ of the second 
kind is the (2m + 1)" power, for any odd exponent 2m + 1, of a trans- 
formation of 1’. Thus, let 7 be any transformation of I’, and, as before, 
let V and W be real polynomials in 7’ satisfying the equation 


T= evtwv=1, 


As shown above, for any real scalar @, es” is a transformation of I’; and, 
therefore, so also is = Consequently 


* For the roots of the characteristic equation of 7’? are the squares of the roots 
of the characteristic equation of 7’; and, if 7 is real, each imaginary root of the 
characteristic equation of 7’ is paired with its conjugate imaginary. Compare 
These Proceedings, 31, 189. 

For the relation between the numbers belonging to the roots of the character- 
istic equation of a linear transformation 7’ and the exponents of the elementary 
divisors of the characteristic function of 7’, see Bull. Am. Math. Soc., 2d series, 
3, 156. 

t The condition, given on p. 308, sufficient that I’ shall contain transformations 
of the second kind, is readily obtained. 


PROCEEDINGS OF THE AMERICAN ACADEMY. 


is a transformation of I’.* Moreover, 
— =1; 


and therefore, for any integer m, 


Whence we have 


1 
(emt am+1 — 


$3. TAT=A. 
If Vis real and satisfies the equation 
(5) U=-—A UA, 


then, by Theorem VI, every transformation of the group e°”, with real 
parameter {, is a transformation of I’; in particular, the infinitesimal 
transformation of the group is a: transformation of I’. 

If the real infinitesimal transformation e%” = 1 + 8 U is a transfor- 
mation of I’, then first Vis real; moreover __ 


A+8l(UA4 AU) = (14+ 80) A(1 + 860) = = A; 


and therefore 7A + AU= U, that is, U satisfies equation (5). There- 
fore, for any real scalar ¢, the transformation e°” generated by e°*” is a 
transformation of I’. Whence it follows that every transformation gen- 
erated by an infinitesimal transformation of T"' is the mth power for any 
exponent m, of a transformation of this family ; in particular, every such 
transformation is the second power of a transformation of T"', and is there- 
Sore of the first kind. 

Conversely, every transformation of the first kind can be generated by 
an infinitesimal transformation of T’'. For let 7’ be any transformation 
of I”, then 


* Since the transformations of I’ form a group, if 7 and 7; are transformations 
of I’, so also is 77. 
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T =AT 44, 
(8) 
TI =ATA; 


and therefore each root, other than + 1, of the characteristic equation of 
T is paired with its inverse,so that if Z; + + 1 isa root of this equation, 
¢, = 7 is also a root, and the numbers belonging to ¢, and ¢, (in par- 
ticular the multiplicity of these roots) are the same. Therefore, by 
Theorem III, there is a polynomial f(7') satisfying the equation 
T =e” and such that f(7) — f(7'~) is real. Let now 
20=f(T)+f(T*), 


and let 
%we%, 


We have by (8) 
= eftHar) 


= oft) 

= 

= 

= A ef?) 4-1 


=TAT:A°*=AA'=1. 


Therefore, 
= (1, = Ty. 


But, by equation (8), 
=4(f(T) — f(T) 
—f(A 
47 

and therefore, since U, is real, it follows that e°”, for any real scalar £, 


is generated by the infinitesimal transformation e°$% of I”. In partic- 


ular 
m= z= (c%)* = &% 


is generated by e°S%. 
A transformation T of IT" is of sii ane kind if the characteristic 
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equation of T has no negative root. For in this case, since | 1 4+ 7'| + 0, 
we may put 


whence we derive 


and by (8) 


If &, &, ete. are the roots of the characteristic equation of 7, the 
roots of the characteristic equation of S are i for ¢ = 1, 2, etc.; 


and since no negative number is a root of the characteristic equation of 
T, the real roots of the characteristic equation of S are in absolute value 
- less than unity. Therefore, by Theorem IV, there is a real polynomial 
f(S) satisfying the equation 

1+ S=e9), 


From equation (9) we derive 


1—S=1+4+ASA°=A(1+ S) At = = — 
and therefore, if V= f(— S) —f(S), 

1+8 


T= = — — 


But, by equation (9), 


U=f(—S) —£(S) =f(AS 4) —f(— ASA“) 
= A(f(S) —f(— 8)) ATA; 


and therefore, since U is real, e”, for any real scalar , is a transformation 
of I’. Consequently, 7’ is the second power of a transformation 4” of 
IT”, and is generated by the infinitesimal transformation e” of !. 

The characteristic equation of a transformation of the first kind may 
have negative roots. But in such case, the numbers belonging to each 
of these roots are all even.* 


* Cf. note, p. 813, 
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Every transformation of I’’ with negative determinant is of the second 
kind. Let x = 2, and let 


The form § is transformed automorphically if 


(y:', yo") = = 1, ys). 


We have | 7’| = +1, but 7 is a transformation of the second kind. 
Whence, for any value of n, it follows that there are forms § such that 
I” contains transformations of the second kind with determinant +1.* 
Again, the form 


0 —a, =a — + b (as 91 — 24 
+ + 


is transformed automorphically by the transformation 


6 
0, —A*, 0, O 
0, 0, 
0, 0, —A? 


of I’; and 7’ is a transformation of the second kind if A + + 1. 

By definition no transformation of the second kind is an even power 
of any transformation of I’’; but every transformation of the second kind 
is the (2m + 1)" power, for any odd exponent 2m +1, of a transforma- 
tion of I’. Thus let 7 be any transformation of I’’; and, as before, 
let f(7’) be a polynomial satisfying the equation 7’= e%”’, and such that 
S(T) — f(T) is real. Then, as shown above, if 


f(T), 


* The condition, given in note on p. 808, as sufficient that I” shall contain 
transformations, is readily proved. 


F=(0, 0, 4, 
0, 0, 
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e®"1, for any real scalar , is a transformation of I’; and therefore 
is a transformation of IY’. Whence it follows that 
= 
for any real scalar {, is a transformation of I’’.* Moreover, we have 
= (e%)? = 1; 


and therefore for any integer m 


(e%) m+} = (e2%)™ = 0%, 


Wherefore, 


§4. TAATHA. 
If U'is real and satisfies the equation 
(5) 0=AUA4, 


then, by Theorem VI, every transformation of the group e°”, with real 
parameter Z, is a transformation of I’. In particular, the infinitesimal 
transformation e*” of the group is a transformation of I’. 

If the real infinitesimal transformation e*” = 1+ 8{U is a transforma- 
tion of I’, then first U is real ; moreover, 


A+8¢(— UA4+ AV) =(1— 860) A(1 + 860) = = A, 


and therefore — 7A +AU=0, that is, U satisfies equation (5). 
Therefore, for any real scalar {, the transformation eS” generated by e°¢? 
is a transformation of I’. Whence it follows that every transformation 
generated by an infinitesimal transformation of T"" is the m'* power for 
any exponent m of a transformation of T'". In particular, every such 
transformation is the second power of a transformation of I", and is 
therefore of the first kind. 

* The transformations of I’ that are commutative form a group. Thus, if 7’ 
and are transformations of and = T\ T, then T is also a trans- 
formation of I’. 
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Conversely, every transformation of the first kind can be generated by 
an infinitesimal transformation of I’, For let 7’ be any transforma- 
tion of I’, then 


(10) f= 


Let Vand W+/— 1, respectively, be the real and imaginary parts of the 
polynomial U = f'(7') satisfying the equation 7’=e". Then, since 7’ 
is real, both V and W are polynomials in 7, and therefore commutative. 
Let 
Then since V7, and therefore 7, = e”, is real, and since 
T = — — 


is also real, it follows that 7, = 7,1 7% is real; and therefore, by 


Theorem I, 
= = 1. 


Wherefore, 


= (7, Ky)? = = Ty’. 
But, since V= ¢ (7) is a polynomial in 7, we have by (10) 
=AG(T) 4° 


and therefore, since V is real, e*” for any real scalar £ is generated by 
the infinitesimal transformation of IY”. In particular, 


T? = T? = (e")* =e” 
is generated by e*”. 

A transformation T of T'"' is of the first kind if the characteristic 
equation of T has no negative root. For then, by Theorem II, there 
is a real polynomial U = f (7') satisfying the equation 7’= e”. In 
this case V = U, W = 0; and JU satisfies equation (5). Therefore 7’ 
is the second power of the transformation e?” of I’, and is generated by 
the infinitesimal transformation of 

The characteristic equation of a transformation of the second kind 
may have negative roots. But in such case the numbers belonging to 
the negative root of this equation are all even.* 

Every transformation of I’ with negative determinant is a transfor- 
mation of the second kind. Let m = 2, and let 


* Cf. p. 312. 


if 
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The form § is transformed automorphically if 
x4!) = (Tha %) = 1» 


We have |7| = +1, but 7’ is a transformation of the second kind. 
Whence it follows, for any value of n, that there are bilinear forms f 
such that I’”’ contains transformations of the second kind with positive 
determinant.* The form 


’ 


is transformed automorphically if 


a4!) = (TQar, 22) = 2), 


and 7; of determinant +1, is a transformation of the second kind if 
+ 0. 

Every transformation 1” of the second kind is the (2m + 1)” power 
of a transformation of 1’ for any odd exponent 2m+ 1. Thus let 7 
be any transformation of I’’. If Vand Ware real polynomials in 7 
satisfying the equation 7’ = e"t¥V—-1, we may then show, precisely as 


1 
for the similar theorem in the case of the family I” that @A""”— ig 
a transformation of I’”’, and that 


v+wv—-1 


T=e == 


Crark University, Worcester, 


* For a sufficient condition that I”” shall contain a wre meen of the second 
kind see p. 308. 


